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xk—cixi+c]-xj R ERT
X| = €iX; + CjX; | Xy, X1, Xy | X5, x]-”
Xy = c’,-"?c’i + c}"?fj Temporary basis
COEMA span({X;, X, Xy, X1, X))
W = span({X;, X;, X, X, X;n}) DEBEDH (RTT) & 2 LML

dim(W) = rank(X') = 2
LT, EDVRAOOIFESHEERFZ 2 DRAELIITT S,

select X;, X; and remove Xy, X}, X,

or
select X;, X and remove X}, X}, X,
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select X, X, and remove X;, X;, X
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A 4

LIDG method

k=1

Read y and S° from DB.

y

A4

Apply basic operations to S°.
Obtain S3,.

Project y to span(S]’fID_N)
Obtain B, R?, 02

A 4

St={13uSs°usSy,

Detect and remove MCL in S?.
Obtain S{ip.

\ 4

k+1 _ ck k+1
S = S ip-~N Y Spp

Detect and remove NMCL in S}p.

Obtain S{ip_N-

Detect and remove MCL in Sk*1,
Obtain SKEL.

\ 4

Detect and remove NMCL in SKtL.

Obtain S]_Ifl-i]-)l_N

A\ 4

k=k+1
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L. M. Ghiringhelli, et al., PRL 114, 105503 (2015)

1. HAHLEONELBEFISx L, MAIEROMOEDERMECIRRGE,
HoWHERZRL TER LR FEMZES

2. ZMDHLASSO (least absolute shrinkage and selection operator) EFE(EN 5
FIREMEOHREETICI>TOE OB FITHKYAD

—hilzkY.
RI\AD. NIEEELAEL B2 EBES U TIVGERIBETIIVERHMET S EIZRD)

AE = EAB(RS) — EAB(ZB)

EA(B) — IP(B) [rs(A4) —1,,(B)| +3.766 [rp(B) —rs(B)|

r3(A) + 1. exp(rs(A)) exp(r4(A)) —0.0267

=0.108
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2. LASSOIZ&BETILRERIRICEWNTIX, SERFORMIZEWEELH S5
&. DR FHEIENhSHharbO—/LTEELY

3. (BB FERDEAMURTITALYITIELY)



Previous work Our approach

‘ Sample space setting ‘ ‘ Sample space setting ‘
; m~ 100 ; m ~ 100
‘ Calculation of y ‘ ‘ Calculation of y ‘
Prep. basic descriptors Prep. basic descriptors
X(O) - [T,Yl,zz, ...,Yn] X(O) - [i),fl,fz, ...,Yn]
‘ n~10 ‘ n~10
Descriptor generation Linearly independent
X descriptor generation (LIDG)
‘ n~ 1000 ‘ n<m
‘ LASSO Exhaustive search
n~10 MP solver
BO, MCTS, GA
LASSO, LO




Linearly independent descriptor generation method

‘ Sample space setting

; m~ 100

‘ Calculation of y

v

Prep. basic descriptors
X(O) = [i), Yl’ Yz, veny Yn]

‘ n~10

LIDG

‘ n< m,

Exhaustive search
MP solver

BO, MCTS, GA
LASSO, LO
Backward selection

n~10

/

/

/

A1

‘ 1st order DG ‘ n~ 30
‘ Linearly independentize (LI) ‘ n~20
‘ OLS ‘

‘ 2"d order DG ‘ n~ 50
‘ LI ‘ n~ 30
‘ OLS ‘

‘ 3rd order DG ‘ n~100
‘ LI ‘ n~40




AE (eV)

&

1151

BRI 20 R E(R (821E) DRSIEELBEENDITRILF—E
AE = E(RS) —

E(ZB).

XFMEECbF (AT R BITE DR FHFF)

1 1
rA+xp, |xa—2xp|, |ra+zB|, ; :
ra+xp  |rA+ TB|
= 4+
@'Jﬁff‘n%
AE = 687( ! )3 502 "Bl g
— . - . 3 - . ,— —
rA+7B (ra+rg) SEITHAEDETIL
3
1 IPg— EAp  |rea—1 roB —Ts
= [—5.02|ra — rp| + 6.87} — 0.18 b~ EAp  |rsa—7pn| - |ren —res|
rA+TB T'pA exp(rsa) exp(rqa)
3.0
T +— DFT data Present Previous work [5]
2.0 Feedicten data Criterion Model 1 | Model 2 | Model A | Model B | Model C
I M 3 2 1 2 3
10— K . R’ 0913 | 0876 | 0.883 | 0929 | 0.957
ol Ak kK r 4 Q? 0.902 0.866 0.867 0.918 0.946
0.0t e A g L AIC —92.4 | —65.0 | —720 | —110.6 | —149.4
- - - MAE (eV) 0.102 0.118 0.121 0.097 0.071
0 20 ?g 60 80 MaxAE (eV) | 0.457 0.460 0.400 0.349 0.301

AE(A, B) = AE(B, A)

Y. Kanda, H. Fujii, and T. Oguchi, STAM 20, 1178 (2019).
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Example

Calculation Experiment
SPC

2.5 e— ScF 30 Fe=V

AkaiKKR (KKR-CPA) scfe shet
LDA (MIW) ~ 20 - Ty g2s ?’;;fgﬁ"
Crystal structure: BCC 2 %, o MnFe % Eﬁ‘@:g?.
Lattice constant=2.86 A G | < N My e igﬁ;ﬁ
Scalar relativistic g ¢ CQufe .. | © Ni-Mn

= ZnFe e 15 A Co—Cr
BZ quality = 10 (nk=256) 2 1.0 .Y, . -é QCodn
edelta = 0.0001 g : § 10} SSNIg0Co-Cr
ewidth = 1.2 g - : / R, | @ Por e
Complex energy mesh = 85 :’ ) 5 s 7 %\I
Lmax=3 0.0 0 3 b §

24 25 26 27 28 29 Cr Mn Ni -
Average electron number per atom 24 o 8 & »
Electrons per atom
H. Saito: Physics and Applications of Invar Alloys,
Maruzen, Tokyo, (1978), 18.
Everyone may image that there is a simple model on the back of this curve
We try to find the simple model by using LIDG method
Target property (m = 99): Initial descriptors (n = 7):

Magnetic moment of binary alloy A;_, B, Concentration, x
Magnetic moment of pure bulk, Mp(A), Mp(B)
M(A, B, x) The number of valence electrons, Z(A), Z(B)
Magnetic moment of impurity atom, M;(4, B)
M;(B,A)



The results of OLS with 1st, 2nd, and 3rd order descriptors

1st order (8)

R? = 0.906
Q% = 0.887

Up to 2nd order (17)

R? = 0.969
Q% =0.950

Up to 3rd order (24)

R? = 0.996
Q% =0.991

(a)
= 3.01 ® 5cFe .
2 TiFe -
t 25 s \VFe s |
@ s Crfe M
g 2.0 s MnFe - .‘,"f-:
E ’ e Cofe -’,»";1.‘ .
o NiFe Ve ¢
‘uci 151 0 core .,/r:' -"
2 10 Znfe e, :
= . fe |,
B o5 s,.7 °
£ fos
= :
z 0011
w -
-0.5
0.0 0.5 1.0 1.5 2.0 2.5
Calculated magnetic moment (ug)
= 3.01 e ScFe
3‘ TiFe
€ 251 = \Fe P
“E-' s Crfe ’_l;i
S 2.0 ® MnFe .'.r.':.!
E e Cofe r,-.
o NiFe A ®
T 15 e CuFe ‘ﬁ(
c o
o ZnFe r“
@ 1.0 ¢
E o
E 0.5 ] -,z"/‘
] L o
£ oo ¢
i J
-0.5
0.0 0.5 1.0 1.5 2.0 2.5
Calculated magnetic moment (g)
(c)
& 3.0 e ScFe
3‘ TiFe
T 25 * VFe =
o e Crfe ;‘f
g 2.0 ® MnFe u"
£ ’ e CofFe ‘-4'
u NiFe >
z 15 5o
2 s CuFe o "
o ZnFe '."‘
T 1.0 ‘{‘o
5 e
% 0.5 ‘-""’
E oo A7
vy
i}
-0.5
0.0 0.5 1.0 1.5 2.0 2.5

Calculated magnetic moment (ug)

(a)

Slater-Pauling curve

3.0 — ScFe \\
TiFe A
—~ 25+ — VFe - A
__1;, — ' CrFe J':\-
+ 2.0+ — MnFe (% '\'_?..
“E-‘ —— Cofe 72 %
515 — Nife ¥ AN
E —— CufFe A \ "5
=] L&y d .
o 1.0+ ZnFe ,-/.‘.'ji."f . Wy
&, AL N
=05 P A ‘/
0.0 F+—srsseene
22 24 26 28 30
Average electron number per atom
(b) ) Slater-Pauling curve
3.0/
=25
3
2.0
£
215
E
Z 1.0
= L
&
g 0.51 !.;'
0.0
22 24 26 28 30
Average electron number per atom
(c) |
. Slater-Pauling curve =
3.0 — 5cFe
TiFe
=251 VFe
2 —t— | CrFg
22.01 MnFe
-} —— Cofe
g 1.5+ NiFe
E Cufe
L s
= 1.0+ ZnFe
B \
E 0.51 '.\b
0.0 te=t—= .
22 24 26 28 30

Average electron number per atom



Obtained model by backward selection

M(A,B,x)~(1—x)Mp(A) + xMp(B)
+x(1 —x)[—4.03 + 0.28Z(A) + 0.62M,(B, A) + 0.20|Mp(A) + M,(A, B)|]

An interpretation
by analogy with the regular solution approximation for binary compound system

M(A,B,x) = M(A,B,x) + AM(A, B, x)

M(A,B,x) = (1 —x)Mp(A) + xMp(B) Averaged magnetic moment term
(linear to x)
AM(A,B,x) = x(1 —x)Q(4,B)

Mixing (excessive) magnetic moment term generated by alloying

Q(4,B) = —4.03 + 0.28Z(A) + 0.62M,(B, A) + 0.20|Mp(A) + M;(4, B)|

Interaction parameter (does not depend on x)



Summary

We propose RREF method for detecting MCL

The subspace list is useful for breaking the detected MCL relationships
This is a new approach to solve MCL problem in linear regression analysis
By combining these methods, LIDG method was proposed

LIDG method was applied to analyze SPCs and we could obtain a simple
(interpretable) model with high generalization capability.



Use of symmetry in target property

If we can find symmetries,

1. we can increase samples which are symmetrically equivalent.
2. we can construct descriptors to satisfy the above regulations in advance

Magnetic moment of alloys expected to have a symmetry like,
M(A,B,x) =M(B,A,1—x)

A, B, x4, xg: identifiers (primary key)

M(A,B,x4,xg) = M(B,A, xp,x,) (not descriptor)

EM(A,B,xA,xB) = M(A,B,xA,xB)
oM(A,B,x4,xg) = M(B,A,xg,x4) = M(A,B,x4,Xg)

Symmetrization operator (projection operator):
S=E+o



Symmetrization of descriptors

Symmetrization operator:
S=E+o

SMp(A) = Mp(A) + Mp(B)
SMp(B) = Mp(B) + Mp(A)

SxA = X4 +xB
SxB = Xp +xA

SM;(A,B) = M;(A,B) + M;(B,A)

SM;(B,A) = M;(B,A) + M;(A4,B)

Sx,Mp(A) = x4Mp(A) + xgMp(B)

If we use these symmetrical descriptors,
we can get a more reasonable model.

M(A,B,x) = M(A,B,z) + AM(A, B, z),

M(A,B,z) = (1 — 2)Mp(A) + 2 Mp(B),
AM(A,B,x) =z(1—2)Q(A, B).



The number of multicollinearities

Linear span:

W = span({fb 22; })3; ;Yn})

Design matrix:

—

X = [§I;§21§31 ---;xn]

The number of non-trivial solutions of X¢ = 0
means the number of extra basis in span W

n — dim(W)
dim(W) = rank(X) =r
then, the number of non-trivial (independent) solutions is given by n — r

independent one set of solution



RREF method

Make row reduced echelon form (rref) of X by basic operations.

RXQ = eref

R(m X m): row basic transformation operator (regular)

Q(n X n): column basic transformation operator (regular and orthogonal)
(here suppose that it just change the order of columns)

eref =

a
a;

COoOOoOmOCO

b,
b,
bs

dl_
d;
d3

The simplest solutions:

—a; —by —dj]
—a; —b; -—d,
2. 2, 2.1 =I—as —bs —dj
C1,Cy,C3| =
[C1,C2, C3] 1 0 0
0 1 0
0 0 1 A

1 0 0 aq b1 dl- —aq

0 1 0 a, bz dz —Qay

0 0 1 aj b3 d3 —asz — 6
O 00 0 0 O 1

O 00 0 0 O 0

0 00 0 o0 oil1tO



RREF method

The solutions of X,,..C = 0 are the solutions of X¢ = 0 ?
RXQ = eref X = R_lxrrefQT

erefZ" =0
R71X,ref€ =10
R_IerefQTQz =0

XQc=0
How to obtain Q We only have to remember the order change
XQ = [717727})3'24]0 = [73,71,22,24]
1 0 0 O] 0 1 0 O]
01 0 O 0 = 0O 01 0
0O 01 0 1 0 0 O
0 0 0 1] 0 0 0 1]
0 1 0 O]
10 0 1 0
=11 0 0 o
0 0 0 1.




Raw data

Label | M(A,B,z) z Mp(A) Z(A) Mp(B) Z(B) Mi(A,B) Mi(B,A)
Sc100Fe000 | 0.0000 0.0 0.0000 3 22604 8  -0.32667  0.00000
Sc090Fe010 | 0.0000 0.1 0.0000 3 22604 8  -0.32667  0.00000
Sc080Fe020 | 0.0000 0.2 0.0000 3 22604 8  -0.32667  0.00000
ScO70Fe030 | 0.0000 0.3 0.0000 3 22604 8  -0.32667  0.00000
Sc060Fe040 | 0.0000 0.4 0.0000 3 22604 8  -0.32667  0.00000
ScO50Fe050 | 0.3157 0.5 0.0000 3 22604 8  -0.32667  0.00000
Sc040Fe060 | 0.7056 0.6 0.0000 3 22604 8  -0.32667  0.00000
Sc030Fe070 | 1.0831 0.7 0.0000 3 22604 8  -0.32667  0.00000
Sc020Fe080 | 1.4793 0.8 0.0000 3 22604 8  -0.32667  0.00000
ScO10Fe090 | 1.8709 0.9 0.000 3 22604 8  -0.32667  0.00000
ScO00Fel00 | 2.2604 1.0 0.0000 3 22604 8  -0.32667  0.00000
Til00Fe000 | 0.0000 0.0 0.0000 4 22604 8  -0.69382  0.00000
Ti090Fe010 | 0.0000 0.1 0.0000 4 22604 8  -0.69382  0.00000
TiO80Fe020 | 0.0000 0.2 0.0000 4 22604 8  -0.69382  0.00000
Zn0d0Fe060 | 1.2862 0.6 0.0000 12 22604 8  0.03119  0.00000
Zn030Fe070 | 1.5524 0.7 0.0000 12 22604 8  0.03119  0.00000
Zn020Fe080 | 1.8440 0.8 0.0000 12 22604 8  0.03119  0.00000
Zn010Fe090 | 2.0763 0.9 0.0000 12 22604 8  0.03119  0.00000
Zn000Fel00 | 22604 1.0 0.0000 12 22604 8  0.03119  0.00000




Descriptors

M,: Magnetic moment of pure bulk A M,(A,B):

Z: # of valence electrons Magnetic moment of impurity A (B)
A Mp(A) Z(A) in bulk B (A)
Sc 0.000 3 A B M;(A, B) Mi(B,A)
Ti  0.000 4 Sc Fe  -0.327 0.000
V. 0.005 O Ti Fe  -0.694 0.000
Cr 0.000 6 V Fe -1.165  -0.005
Mn 0937 7 Cr Fe  -1.644 1.825
Fe  2.260 8 Mn Fe  -1.769 2.387
Co 1.740 9 Co Fe 1.846 2.673
Ni 0591 10 Ni Fe 1.075 2.797
Cu  0.000 11 Cu Fe 0.268 2.332
Zn 0.000 12 7n Fe 0.031 0.000
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